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Tm IXEUENm OF ICHE ELECTRON CORRELATIONS 
ON TBE PEIERLS TRANSITION 

V. Ya. KRIVNOV and A. A. OVCHINNIEOV 
I n s t i t u t e  o f  Chemical Physics, U. S. So R. 
Academy of  Sc iences ,  Moscow, U.S.S.R. 

A b s t r a c t  The problem o f  t h e  Peierls i n s t a b i l i t y  
a r e  cons idered  f o r  two models weakly i n t e r a c t i n g  
Fermi-par t ic les .  It i s  shown t h a t  the  i n f l u e n c e  
of t he  i n t e r a c t i o n  is e s s e n t i a l  d i f f e r e n t  f o r  t he  
system o f  e p i n l e s s  p a r t i c l e s  and f o r  t h e  Habbard 
model. 

INTRODUOTIOB 

According t o  well-known Peierls t h e o w  , one-dimensi- 
o n a l  m e t a l  is u n s t a b l e  with respect t o  l a t t i c e  d i s t o r -  
t i o n s .  T h i s  theory  implies a number o f  impor tan t  conse- 

2 quences f o r  one-dimensional systems theory  . I n  p a r t i -  
c u l a r  it serves a s  a bas i s  f o r  the  concept ion  o f  soli- 
t o n s  as  a s p e c i a l  k i n d  o f  excited s t a t e s  o f  polyace- 

1 

t y l e n e  3 . 
However, it i s  neceasary t o  p o i n t  o u t  t h a t  Pei- 

e r l s  conclus ion  a p p l i e s  t o  the  system of  non-interact-  
ing e lec t rons .  Though n o t  once attempts have been un- 
d e r t a k e n  t o  c o n s i d e r  the i n f l u e n c e  o f  i n t e r a c t i o n  on 
Peierls i n s t a b i l i t y  baaed e i ther  on d i f f e r e n t  approxi-  
mate  methodsk6 o r  on the resul ts  of  numerical  c a l c u l a -  
t i o n s  of  f i n i t e  cha ins ,  t h i s  q u e s t i o n  has  n o t  been com- 
p le te ly  so lved  a s  yet. 

e r l s  i n s t a b i l i t y  f o r  two models of weakly i n t e r e c t i n g  
The g iven  p a p e r  w i l l  c o n s i d e r  t he  problem of  Pei- 
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436 V. Y. KRIVNOV AND A. A. OVCHINNIKOV 

Fermi-par t ic les t  s p i n l e s s  l a t t i c e  Fermi-gas with Hamil- 
ton ian t  

t t  A= ..I E &QK + c's Sik 4 Q <  QR+.R 
- k k C F  4 4  Iret 

There w i l l  be considered the  case of h a i f - f i l l e d  band 
where according t o  Peierls theory doubling of chain 
pe r iod  (i. 8, dimerizat ioa)  t akes  place,  The 6 value  
involved i n  (1) and (2) i s  
of pe r iod ic  d is tor t ion .  It should be  noted, t h a t  Hamil- 
ton ian  (1) can be expressed through spin opera tors  
t h u s  descr ib ing  spin-Peier ls  system with a n i s o t r o p i c  
i n  t e r e  c tion, 

Ihe purpose o f  i n v e s t i g a t i o n  of one-dimeneional 
system i n s t a b i l i t y  with regard t o  chain d i s t o r t i o n  co- 
mes t o  Pinding out  t h e  dependence of t h e  ground s t a t e  . Since l a t t i c e  e l a s t i c  energy is  Eelast = 
e ~ ~ ~ ~ ~ ~ h e r e  H - dimensionless f o r c e  cons tan t )  the 
distortion is ene rge t i ee l ly  f8VOurable i f  the va lue  o f  

he8 minimum a t  6# 0. 

dimensionless amplitude 

For# = 0 €m- a"z& s (3) 
and it  is c l e a r  t h a t  khere is minimum when g<< 1, This 
is t h e  very statement  which c o n s t i t u t e s  the essence of 
Peierls theorem. 

w i t h  the help of per turba t ion  theory o n $  . Unlike di-  
The ca lkula t ion  of E(S> value we s h a l l  ca r ry  on 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

2:
40

 2
0 

Fe
br

ua
ry

 2
01

3 



THE INFLUENCE OF THE ELECTRON CORRELATlONS 431 

agrams for Eo (0) 
responding t o  t h e  % o m a l n  average  

(6) diagrams c o n t a i n  t h e  l i n e s  cor-  

4& <Q64b+ 42= f(”+cosk/€(k$ 
KQ&.= 2% R 3 f- 4f ; €(*),(C6Ja&+Ps&~ 

a s  well as  t h e  l i n e s  responding t o  the  “anomaloustt ave- 
r a g e  

The number of  t h e  l a t t e r  i s  always even i n  the diagranp 
A l l  t h e € ( & >  diagrams can be o b t a i n e d  from the diag- 

ram f o r  Eo(0) by means o f  a l l  k i n d  o f  s u b s t i t u t i o n s  of 
the  normal l i n e s  f o r  t h e  anomalous ones. F o r  i n s t a n c e ,  
the  second o r d e r  diagram given  on  Fig.? has been o b t a i -  
ned from t h e  corresponding Eo(0) diagram by s u b a t i t u t -  
i n g  a p a i r  o f  normal l i n e s  for anomalous ones  (double  
l i n e a  on Pig.1). 

FIGURE 1 Secoad-orderE (s> diagrsm. a 
The diagram on Fig.1 c o n t r i b u t e s  i n t o  (r)-8jtag . 
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438 V. Y. KNVNOV AND A. A. OVCHINNIKOV 

3"- The a n a l y s i s  of the pe r tu rba t ion  series ehowa t h a t  
n e r a l l y  n-th order  l ead ing  con t r ibu t ion  t o  8 (6) -6 X 

$i&**J. It i a  not  difficult t o  conclude t h e t  di8gramS 
&(6) giv ing  such kind of  con t r ibu t ions  possess  the fol- 
lowing q u a l i t i e s t  I) they contain a p a i r  of  anomalous 
l i nes :  2) with the anomalous l i n e s  being broken the  
rest of the diagram with the f o u r  ends can be devided 
i n t o  two pert by a u t t i n g  i t  along twoinner l ines  (such 
k ind  of diegrams 8re ao-called "parquet" diagrams). 

Summation of thesec(6) diagrama w i l l  be done be- 
low (it is sasmed t h a t g < < l ) .  For t h i s  purpoae i t  is 
convsnieat t o  express t h e i r  sum through the  ve r t ex  

Th i s  equation i s  sahemetical ly  presented on Fig.2. 
As i s  men from (4) the v a r i a b l e s  of t he  ve r t ex  a r e  
chosen according t o  the conditions 

K 3 4 K , + T ;  W a r u A ;  +f- (5) 
Kv=yz+7r; w4- -W&; 6 % ~  

The gene ra l  scheme of summing up BUC 

known10s11. The approximation shown i n  
diagrams i s  well- 

was used 
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THE INFLUENCE OF THE ELECTRON CORRELATIONS 439 

FIGURE 2 General€(&) diagram in p a r q u e t  
approxima t ion ,  

f o r  the c a l c u l e t i ~ n  o f  Green's f u n c t i o n s  wi th  the pur- 
p o s e  of  i n v e s t i g a t i o n  of the i n s t a b i l i t i e s  a r i s i n g  in 
one-dimensional system under t he  I n f l u e n c e  o f  i n t e r a c -  
t i o n  between e l e c t r o n s ,  b u t  when 6 = 0, Such k i n d  of  
approach, when€(&) h a s  n o t  been c a l c u l a t e d ,  does n o t  
a l l o w  t o  c o n s i d e r  t he  q u e s t i o n  o f  how the  correspond- 
i n g  t r a n s i t i o n  a c t u a l l y  t a k e s  place.  A l l  diagrams o f  
t h e  v e r t e x  p a r t  can be  d i v i d e d  i n t o  4 c l a s s e s l O t  4; di -  

agrams be ing  reduced from kj , 
rams which can be divided i n t o  two p a r t s  conta in ingKA , 
K' end &',K' by c u t t i n g  a diagram a long  two i n n e r  li- 

nes): &,diagrams, being driven from k, p K3 t o  /G , K ~  :r3 
diagrams be ing  reduced from k , , k y t o  &;1,E(3 and t h e  ir- 
reducible ones ( a s  a k i n d  of t h e  l a t t e r  the vertex o f  
t h e  first o r d e r  should be chosen), In p e r t i b u l a r  for 

to KJ, Kq (i. e, dieg- 
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440 v .  y. KRIVNOV AND A. A. OVCHINNIKOV 

the  ep in l e s s  model &dz = 9 (bg(~~-&&cej(J++) 
and f o r  Habbard model 

JLZ = $(6b;a, 8t%6+ - 8%6i, ds,G) 
In t h i s  case t h e  ve r t ex  of 8 ,  , r aand  rJ a r e  determined 
by solving a system of non-linear i n t e g r a l  equat ions 
109130 It should be also noted t h a t  s i n c e  t h e  var iab l -  
es of the ve r t ex  a r e  connected by t h e  fol lowing condi- 
tion4+Ajz&3+Ky , each of the v e r t e x  depends on 3 va- 
r i a b l e s  which can be  easily chosen by the fol lowing 
way ( t o  s implify the notes  we s h a l l  omit t he  sp in  in- 
dexes 80 far): &'& =&(&l&Q), Q = k,+ka; 
= (KI, 8 ) ~  #= K1-k~; fi=#3(ud>k329)> g= 

& z 
The l ead ing  logar i thmic  cont r ibu t ion  t o  (4) i s  mede by 
i n t e g r a t i o n  over the momenta through the  region i n  t he  
v i c i n i t y  ofk,,K+ =f7$2, I n  accordance with t h i s  

r(&,q 4% ; ha3, k ~ q )  behaviour i s  of importance on- 
l y  with *&+momenta, Boaording t o  (5) t o  c a l c u l a t e  
~ ( 8 )  i t  i a  necessary t o  known only the fol lowing ver te -  

a igne : correapond t o  t h e  2 
ces: a+--+- -8-f'- and --++, where the 

It i s  evident  
t h a t  the&:'--vertex does not  resul t  i n  the high pow- 
e r  of logarithm i n  the  corresponding order  of the per- 
t u r b a t i o n  theory,  hence they can be omitted, Thus, (4) 
comprise the  following ve r t ex  

f a c t  can be eas- 
i l y  v e r i f i e d  for the lowereat o rde r  diagrams). Accord- 
i n g  t o  (5) and (6) t i h e a l v e r t e x  involved i n  (4) i s  t h e  
func t ion  of &land ka t 8 : ~  Jip, 

~ k,+Ka According 

Similerly 
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THE INFLUENCE OF THE ELECTRON CORRELATIONS 441 

1 Taking i n t o  account (51, when calculating&and#' fun- 
c t i o n s  involved i n  (4) we can not  assume &= 0. For in- 
s tance  t h e  contr ibut ion  of t h e  second order &'diagram 
(Pig.  3) -fa4r. 

k' W '  

FIGURE 3 Second-order vertex 2 diagram. 

Oalculat ion o f  t h e  higher order diagrem contribu- 
I 

t i o n  i n d i c a t e s  t h a t  if t h e  arguments of ,&, a r e  coanect- 
e d  through (5) condi t ion  then 

@ ' a -  - 82;L(-cL /b/, & /&&/, & 6) 
Bearing i n  mind a l l  t h e  mentioned above t h e  express ion  

0 (71 D
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442 V. Y .  KWVNOV AND A. A. OVCHINNMOV 

where Or- &6 with logar i thmic  s u b s t i t u t i o n  & = 
f f - & ( + @ a d e  i n  (7). Thus t h e  8~ and i a  ver t ex  involv- 

ed i n  (7) a r e  t he  func t ions  of s i n g l e  v a r i a b l e  and can 
be  obtained through Sudakov’ B techniquel4,  while &f 
and &ffunctions a r e  t he  func t ions  of  three v a r i a b l e s  
and can be obtained by the technique developed in”. 

SPITSLESS MODEL 

A t  first we should cons ider  sp i a l eaa  l a t t i c e  fermi- 
gas. The aystem of equat ions f o r  the v e r t e x  considered 
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THE INFLUENCE OF THE ELECTRON CORRELATIONS 443 

The way t o  d e r i v e  e q u a t i o n s  (10)" i s  based on t he  ge- 
n e r a l i z a  t i o n  of Sudakov' s approach. The s o l u t i o n  o f  
the  system of  e q u a t i o n s  (8 ) - (9 )  t a k e s  t h e  forms 

The s u b s t i t u t i o n  o f  (11) and (12) i n  (7) and t a k i n g  
i n t o  account t h e  term of t h e  z e r o  o r d e r  produces;  

The g iven  d e r i v a t i o n  o f  the e x p r e s s i o n  fort(6)  ( I S )  
i s  o f  r a t h e r  a methodica l  charac te r .  The p o i n t  i s  t h a t  
t h i s  formula can be obta ined  by t h e  most s t r a i g h t  for- 
ward way, Namely, Hamil tonian (1) can be reduced t o  
t h e  Hamiltonian with l i n e a r  spectrum model u s i n g  t h e  
s u b s t i t u t i o n  of  fermi-operators :  

= C/K K e F j k  j Qn = CaK k*-@k 

As a resul t  o f  t h i s  the Hamil tonian one w i l l  be  t r a n s -  
formed i n t o  t he  Hamiltonian o f  f h i r r i n g ' s  massive mo- 
de:: 

h = Z Y (d Gx; - G& Cak) c- L' 6 & c j k  -CA Cik) 
(14) 

+ .2yiZ c2++ c/y c,t,'CCd,l 

i t  i s  v a l i d  i f  e v e r  only under c o n d i t i o n  i f  g4W. 

It i s  well-known t h a t  one should t a k e  c a r e  while t r a n s -  
forming such kind of Hamiltonian a s  type (I) i n t o  the  
~ a m i l t o n i e n  o f  t h e  model wi th  l i n e a r  spectrum (anyway, D
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444 V. Y. KRlVNOV AND A. A. OVCHlNNIKOV 

I n  t h i s  case  however the immediate deck  w i l l  show t h a t  
the diagram con t r ibu t ions  i n t o € ( &  for (1) and (14) 
a r e  the same with in  t h e  leading  logar i thmic  approxima- 
t i o n ,  though &(O) i s  d i f f e r e n t  for these two models! 
As f o r  Hamiltonian (14) the  exaa t  so lu t ion  for the gro- 
und s t a t e  energy and t h e  spectrum of exci ta t ions15  i s  
known. 

Making use of  the results15 with a<< I g ives  (13). 
As it  fol lows from (13) withRQLt(1 &(a) coins ide  with 
(31, t h a t  i s  i f  S>> erp(-r&$the amount  of  i n t e r -  
ac t ion  effects does not  i n f luence  upon Peierl 's  result. 

&@)=-6'd/L;.J8/ g<o 
Thus, t h e  system i s  uns tab le  with r eapec t  t o  t r a n s i t i -  
bn i n t o  Peierls s t a t e  i f  the i n t e r a c t i o n  i s  repulsive.  
The spectrum of the Hamiltonian (1) has  not  gap with 
6= 0. While there appears  a gap with 62 0. The va lue  

o f  t h e  gap A can be expressed through the ver texr(gra-  
p h i c a l l y  the  equagon (16) is  shown on Fig.4)t 

The s u b s t i t u t i o n  of (11,) and (12) i n t o  t h i s  equatiou 
g ives  8 

A= 2 6 with gp4<l which i s  equiva len t  t o  the ep- 
proximation of  non-interacting par t ic les .  With 6- 0 

A 28 r-#/r (17) 
The expression of t he  gap f o r  the massive Th i r r ing  mo- 
de l l5  with ~1 comes t o  (17). 8 
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THE INFLUENCE OF THE ELECTRON CORRELATIONS 445 

PIG- 4 General  A diagram. 

THE HABBARD MODEL 

The vertex involved  is t h e  express ion  f o r t  (b)Q)can be 
o b t a i n e d  i n  a way s i m i l a r  t o  t h a t  of the s p i n l e s s  case,  
We w i l l  n o t  write o u t  the  corresponding e q u a t i o n s  for 
8 (of type (8)-(10)) which a r e  r a t h e r  t e d i o u s  f o r  t he  

Habbard model. We w i l l  show only the  e x p r e s s i o n  f o r  the  
f u n c t i o n  under i n t e g r a t i o n  i n  (7), summed up through 
s p i n  indexes: 
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446 V. Y. KRIVNOV AND A. A. OVCHINNIKOV 

O a l c u l a t i n g  the  i n t e g r a l  i n  (7) and c o n s i d e r i n g  zero  
o r d e r  term we f i n a l l y  a r r i v e  a t :  

In t h e  r e g i o n  of r>&( &=eXp&r/@) (19) c o i n c i d e s  
w i t h  (3),  which means t he  c o n s i d e r e t i o n  o f  t he  i n t e r a c -  
t i o n  effects does n o t  modify the dependence of€($) ob- 
t a i n e d  with# = 0. With & -+z as) i s  s ingular .  Such 
s i n g u l a r i t y  a r i s e  due t o  t h e  approximate c h a r a c t e r  o f  
c a l c u l a t i o n s r  only the  h i g h e s t  powers o f  l o g a r i t h m s  i n  
each o r d e r  of p e r t u r b a t i o n  t h e o r y  e r e  considered. Nowa- 
days  t h e  s t r i c t  de te rmina t ion  upon behaviour  of  z(8) 
w i t h  -., 0 i s  h a r d l y  s o l v a b l e  problem. In p a r t i c u l a r  
i t  i s  n o t  c l e a r  whether t h e  account  o f  t he  h i g h e r  o r d e r  
c o r r e c t i o n s  t o  be e f fec t ive .  The f a c t  i s  t h e  e f f e c t i v e  
e l e c t r o n  i n t e r a c t i o n  becomes r a t h e r  s t r o n g  with s+ 0, 
t h u s  unper turba t ion  approaches should be used i n  solv-  
i n g  the above mentioned problem. 

o u t  the  r e g i o n  846, i f  t he  f o l l o w i n g  h y p o t h e s i s  i s  8s- 
s umed. 

t h e  Habbard model p o s s e s s e s  the  gap i n  the  spectrum o f  
o n e - p a r t i c l e  e x c i t a t i o n s  even w i t h  6 = 0, With preex- 
p r o n e n t  f a c t o r  omi t ted  t h i s  gap i s  t h e  same a s  & f o r  
which E (s) i s  s ingular ,  According t o  o u r  h y p o t h e s i s  t h e  
method of  r e g u l a r i z s t i o n  o f  the e x p r e s s i o n  (19) con- 
sists i n  changing a momentum cut-off  a r i s i n g  while c a l -  
c u l a t i n g  t h e  vertex p a r t  and i n t e g r a l  i n  (7) so t h a t  i t  
would be determined by t h e  gap A i n  t h e  spectrum- of  
e x c i t a t i o u s  r a t h e r  than l o  p u t  i t  o t h e r w i s e  P=-t%A 
s u b s t i t u t e s  9 i n  a l l  the express ions ,  w i t h  A being  

The express ion  (19) i s  a l s o  a p p l i c a b l e  through 

F i r s t  o f  a l l  we should  n o t e  t h a t  c o n t r a r y  t o  (1) 
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found from the  equat ion  s i m i l a r  t o  (16) ( o r  Fig.41, 
which looks l i k e  a s  f o l l o w s  f o r  t h e  Habbard model: 

9 , found from t h i s  equat ion  should then  be inserted 
in (19). It is evident  t h a t & ( & )  found i n  t h i s  way i s  
r e g u l a r  a t  62 0, 

w i t h  82P6,is a s  fo l lowsr  A = d S  

N A = d S f ( 3 )  

The s o l u t i o n  o f  s e l f - c o n s i s t e n t  e q u a t i o n  (20) 

though with s<c& 

Since i s  n o t  en a n a l y t i c a l  f u n c t i o n  of can n o t  be 
o b t a i n e d  w i t h i n  t h e  framework of  t h e  p e r t u b a t i o n  theo- 
ry ,  (21) and (22) e x p r e s s i o n s  i n d i c a t e  t h a t  the  Habbard 
model i s  u n s t a b l e  t o  Pe ie r l s  t r a n s i t i o n ,  and t h e  ten-  
dency t o  d i m e r i m t i o n  becomes s t r o n g e r  i f  there i s  we- 
a k  i n t e r a c t i o n  between e l e c t r o n e s ,  

In connect ion w i t h  t he  (22) formula we should 
p o i n t  o u t  t h a t  t h e  dependence & (6 ) -  -64/3 was obta in-  
ed i n q 6  f o r  Hei senberg model ( s p i n - P e i e r l s  system), 
which i s  the  l i m i t  c a s e  of t he  Habbard model wi th  - 

9 
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